The particle-hole (PH) symmetry at half-filled Landau level requires the relationship between the flux number N φ and the particle number N on a sphere to be exactly N φ − 2(N − 1) = 1. The wave functions of composite fermions with 1 2 "orbital spin", which contributes to the shift "1" in the N φ and N relationship, are proposed, shown to be PH symmetric, and validated with exact finite system results. It is shown the many-body composite electron and composite hole wave functions at half-filling can be formed from the two components of the same spinor wave function of a massless Dirac fermion at zero-magnetic field. It is further shown that away from half-filling, the many-body composite electron wave function at filling factor ν and its PH conjugated composite hole wave function at 1 − ν can be formed from the two components of the very same spinor wave functions of a massless Dirac fermion at non-zero magnetic field. This relationship leads to the proposal of a very simple Dirac composite fermion effective field theory L = iψγ µ (∂µ + iaµ)ψ + 1 2π ǫ µνλ Aµ∂νa λ , where the two-component Dirac fermion field is a particle-hole spinor field coupled to the same emergent gauge field, with one field component describing the composite electrons and the other describing the PH conjugated composite holes. As such, the density of the Dirac spinor field is the density sum of the composite electron and hole field components, and therefore is equal to the degeneracy of the Lowest Landau level. On the other hand, the charge density coupled to the external magnetic field is the density difference between the composite electron and hole field components, and is therefore neutral at exactly half-filling. It is shown that the proposed particle-hole spinor effective field theory gives essentially the same electromagnetic responses as Son's Dirac composite fermion theory does.
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I. INTRODUCTION
One of the most remarkable results in the area of the quantum Hall effect (QHE) is predicted by Halperin, Lee, and Read (HLR) in a pioneering work some twenty year ago [1] , where they proposed that the two-dimensional electrons in a strong magnetic field at exact half filling of the lowest Landau level behave like a compressible Fermi liquid at zero magnetic field. According to the HLR theory, the composite fermions are formed by attaching two flux quanta to each of the original electrons. In the mean field approximation, the attached flux cancels the external magnetic field exactly at half filling, resulting in a Fermi liquid description of the composite fermions. Despite of its many successes, the HLR theory is not explicit if not completely lacks particle-hole (PH) symmetry [2] [3] [4] . On the other hand, the twobody interaction Hamiltonian when projected onto the lowest Landau level is invariant by an antiunitary PH transformation at half-filled Landau level, and the finite size numerical results seem to confirm the PH symmetry of the ground state [5] [6] . It is worth noting that the PH symmetry on gapped QHE states relevant to the fractional QHE at ν = 5/2 have also been extensively studied [7] [8] [9] [10] .
This long-standing PH symmetry challenge of the HLR theory has been recently met with a rather remarkable resolution proposed by Son [3] [4] . In the new picture of Son, the composite fermion is a massless Dirac fermion characterized by a Berry phase of π, with the PH symmetry built in at the outset. The Dirac composite fermion proposal has generated a great new interest in this rather old field [11] [17] , which lend strong support to the correctness of this very insightful proposal.
In this paper, we will start approaching the subject from a microscopic wave function point of view, and conclude with a similar but distinct effective field theory. We will use Haldanes spherical geometry [18] . This geometry has been used widely as an efficient tool to perform the numerical finite size studies for the bulk property of the quantum Hall system, mainly because it is free of boundary effects. There is another advantage of using the spherical geometry, as was recognized by Wen and Zee [19] in their study to relate the so called "shift" to a topological quantum number "orbital spin" of a quantum Hall state. This "orbital spin" induced shift would not be manifested in geometries such as a torus.
We will begin with the following composite fermion wave function proposed by Rezayi and Read [22] , and by the present author [23] , to illustrate the PH symmetry problem of the HLR theory
where (u j , v j ) = (cos(θ j /2)e iφj /2 , sin(θ j /2)e −iφ / 2 ) are the spinor variables describing the coordinates (θ j , φ j ) of j th electron occupying the spherical harmonics function state Y li,mi (θ j , φ j ) , and P e LLL is the electron lowest Landau level projection operator. Loosely speaking, this wave function can be regarded as a wave function version of the HLR theory in that the Jastrow fac- 
However, this breaks particle-hole symmetry condition. The correct flux number N φ and electron number N relationship that satisfies the PH symmetry condition is
One can easily verify this by noting that for a system of N φ flux number and N e electrons, the number of empty electron states (or the number of hole states) is N φ + 1 − N e since the lowest Landau level degeneracy is N φ + 1. Equating this number of empty electron states N φ +1−N e to the electron number N e will result in Eq.(3). 
II. PH SYMMETRIC WAVE FUNCTIONS WITH
where Y 1 2 ,l,m (θ, φ) is the monopole harmonics with a unit Dirac monopole charge at the center of the sphere. On the surface Eq.(4) appears to imply that attaching two flux quanta due to
2 to each electron would not cancel the external magnetic field even in the mean field approximation, and instead the composite fermions still experience a non-zero magnetic field generated by a unit Dirac monopole at the center of the sphere. However this "non-zero magnetic field", as a result of the shift "1" on the difference between N φ and 2(N e − 1) depends on the curvature of a curved space, and is vanishing on a flat space such as a torus. Following Wen and Zee [19] , we attribute this "shift" of 1 to a topological quantum number representing a half-integer 1 2 "orbital spin" degrees of freedom of the composite electrons. The total flux seen by the composite electron is the sum of the magnetic flux, which is effectively zero at half filling, and the coupling of the "orbital spin" to the curvature of the sphere (spin connection). This 1 2 "orbital spin" is also consistent with requirement to obtain the correct value for the coefficient of the q 2 correction to the Hall conductivity [16] through a relation between the Hall viscosity and the "orbital spin" [20] [21]. We propose the composite hole wave function Ψ h 0 obtained from the complex conjugate of the composite electron wave function Ψ e 0
where N h = N e , and P h LLL is the composite hole lowest Landau level projection operator. This wave function describes the same half-filled Landau level system in terms of the composite holes.
To validate the composite wave function Ψ e 0 , we will present the numerical results of finite size systems of 7 electrons and 8 electrons at the half-filled Landau level satisfying Eq.(3) in the spherical geometry. For a system of N e = 7 electrons, the total flux number is N φ = 2N e − 1 = 13. There are N φ + 1 = 14 states in the lowest Landau level with angular momentum l = . Without a loss of generality, we will choose the Hilbert space to be sectors having the smallest value(s) of the total z-component angular momentum L z , which is either 
For the sector of total z-component angular momentum
2 ) will be occcupied, and for
sector, state ( states with l i , m i specified in Eq. (6), and 2 electrons occupying states specified in Eq. (7).
In Fig. 1(a) , we plot a lower part of the energy spectrum in an arbitrary units of a (N φ , N ) = (13, 7) finite system in the lowest Landau level versus angular momentum L in L z = * , are plotted in Fig. 1(a) for (N φ , Ne) = (13, 7) system, and in Fig. 1 
where the particle mass is set to 1 for convenience, and the operators Q are defined by
When setting S = − 1 2 , we have
On the other hand, the wave function Y 1 2 ,l,m describes a negative charged particle experiencing a positive unit magnetic monopole at the center of the sphere, the corresponding Hamiltonian can be obtained from the complex
It is straightforward to show
where
is the Hamiltonian of a massless Dirac particle at zero magnetic field S = 0
This means the original single composite electron wave function and composite hole wave function are identical, with different coordinates, to the two components of the same wave function of a massless Dirac particle at zero magnetic field
We will only use the positive energy wave functions, as the negative energy wave functions are the same with a sign change for the lower component [24] . We can rewrite Ψ h 0 and Ψ e 0 into a two-component compact form using the Dirac wave function at zero magnetic field 15) where N h = N e . The key conclusion is that the manybody composite electron and composite hole wave functions at half-filling can be formed from the two components of the same spinor wave function of a massless Dirac fermion at zero-magnetic field. Of course, in Eq. (15) the composite electron and composite hole have different coordinates, and the two component form of wave functions should not be considered as the many-body wave functions of the composite Dirac fermions.
III. PH CONJUGATED WAVE FUNCTIONS AWAY FROM HALF-FILLING
In this section, we will move away from the half-filling. First let's modify the matrix equation Eq. (12) to the following
where the Hamiltonian H S− 1 2 describes a positive charged particle experiencing S magnetic monopole charge in addition to a negative unit monopole charge due to the with the sign of S monopole charge flipped, describes a negative charged particle experiencing the same magnetic field, and H Dirac S is the Hamiltonian of a massless Dirac particle at non-zero magnetic field of S given in Eq. (13) . This means the original single composite electron wave function and composite hole wave function at a magnetic field of S, are identical to the two components of the very same wave function of a massless Dirac particle at a magnetic field of S, with different coordinates and different energies.
In the presence of a magnetic field, the massless Dirac particle forms zero-energy and positive energy Landau levels (we ignore the negative energy Landau levels for the same reason as before). The n th positive energy Landau level wave function can be written as 
with the degeneracy 2S. We extend the two-component wave functions Eq. (15) to non-half filling
Again we emphasize the composite electron and composite hole have different coordinates, and the two component form of wave functions Eq. (15) should not be considered as the many-body wave functions of the Dirac composite fermions. We can calculate the flux number N φ from either Ψ (20) and
Since the minimum value of N e is zero, Eq. (20) requires the minimum value of N h to be equal to 2S, which is exactly the degeneracy of the zero-energy Dirac fermion Landau level. In fact, since the lower component of the zero-energy Landau level wave function φ e S,0,m = 0, when only the zero-energy Landau level is completely filled by the Dirac fermions, we have N e = 0 and N h = 2S which is consistent with Eq. (20) . This describes an empty electron system. On the other hand, Eq. (21) If in addition to fill the zero-energy Landau level which is a minimum requirement to satisfy Eq. (20), we also fill n more non-zero energy Landau levels. In this case, we have 2S = * at n+1 2n+1 in Eq. (19) are respectively identical to Jain's wave functions at the same filling factors [25] , which are known to be PH conjugated with each other.
IV. EFFECTIVE FIELD THEORY
Based on the results of the previous sections, it is natural to postulate the following effective field theory
where the Dirac field ψ is a spinor with upper component describing the composite hole field ψ h , and the lower component describing the composite electron field ψ e
and a µ is an emergent gauge field, and A µ is the external electromagnetic field. The term 1 2π ǫ µνλ A µ ∂ ν a λ is required in order to satisfy Eq. (21) and Eq. (20) . This can been seen from the equation of motion for a 0
where B is the external magnetic field, which is nothing but Eq. (21) . On the other hand, by differentiating the action with respect to A 0 , and equating the result to
e ψ e since ψ h and ψ e have opposite electromagnetic charges, we can obtain
where b is the emergent magnetic field, which is exactly Eq. (20) . From Eq. (24) and Eq. (25), we can obtain
and
and use them to relate the electron filling factor to the composite electron (or hole) filling factor in the same way as was done in Section III. Finally, we would like to make a few comments on the relationship between Eq.(22) and the following effective field theory of Son [3] [4] 
where j e and j h represent the current densities of composite electron field and the composite hole field, e and E are the emergent and external electric fields, and ǫ ij is the antisymmetric unit tensor. Since our Dirac spinor current density given in Eq. (29) is twice as large as what is in Son's theory, we can write j i = 2σ D ij e j where σ D ij is Son's Dirac composite fermion conductivity tensor. On the other hand, the electrical current coupled directly to the external electric field given by Eq. (29) is exactly the same as obtained from Son's theory Eq. (28). As a result, the electron conductivity tensor obtained from Eq. (29) and Eq. (31) will be the same as that given by Son's theory [17] .
V.CONCLUSION
The PH symmetric wave functions of composite fermions with a 1 2 "orbital spin" are proposed and validated with exact finite system results. The "orbital spin" plays an key role to relate the composite fermions to the Dirac particles, and to lead to the proposal of a composite particle-hole spinor effective field theory which is shown to give essentially the same electromagnetic responses as Son's Dirac composite fermion theory does.
